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Abstract 
Wotniak, M., A note on minimal order of a bipartite graph with exactly 4 quadrilaterals, Discrete 
Mathematics 121 (1993) 229-233. 
We show that the minimal order of a bipartite graph having exactly 4 quadrilaterals is asymp- 
totically equal to 2fl $j (as 4 tends to infinity). 
1. Results 
Our terminology is standard. Let B=(X, Y, E) be a bipartite graph of order 
1 X I+ 1 YI = ~1. Denote by Q(B) the number of all different quadrilaterals (i.e. cycles C,) 
contained in B. For qEN we define 
b(q)= min (IXl+l Yl}. 
Q(B)=q 
We shall prove the following. 
Theorem 1. b(q) is asymptotically equal to 2$ s (as q tends to injinity). 
Theorem 1 is an immediate consequence of the following. 
Lemma 2. There are two constants C,, C1, such that for qcN we have 
r l+,/* ldb(q)G2& $&A s+CO. 
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The left-hand side inequality of Lemma 2 is given by Skupien in [l] where he has 
b(q) and/or its sharp asymptotic upper bound. The 
proof of right-hand side inequality is given in Section 3. 
Observe (cf. [l]) some simple properties of b(q). We obviously have b( 1) = 4 and the 
minimum in the definition of b(q) is attained for B= Kz, *. More generally 
2 
, r, ~32 and max Q(K,J=Q(K,,,)= : , Pl) 
r,s32 0 
*+s=2p 
For given q, let p be defined by inequalities 
(1) 
From (1) it follows easily that 
Remark that the lower bound 
w 
is sharp in the sense it is attained for infinitely many values of q, e.g. for q=( ;)’ 
(cf. Cll). 
Consider two vertex disjoint bipartite graphs Bi of order Hi such that Q(Bi) = qi and 
b(qi) = ni, i = 1,2. Identifying one edge of B, with one edge of B2 we obtain a graph of 
order n, + n2 -2 having exactly q1 +q2 cycles Cq. Hence 
b(ql+qZ)db(ql)+b(q,)-2. (P3) 
The particular case of the above construction with q2 = 1, B, =K,,, implies, by 
induction, that: 
If Q(B)=q and 1X1+( Y(=n, where B=(X, Y,E), then there exists a 
bipartite graph B’ of order n + 2m with Q(E) + q + m. (P4) 
2. Two lemmas 
Lemma 3. !f 
p,qEN, then there exist numbers pi,i=l,2,3, such that l<p,<p-1, O<p,<p-2, 
O<p,<p- 1 and 
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Moreover, the above inequalities imply, in particular, that 
PP2+P3-4& 
Proof. We have 
2 
+40 
where 
P 
064o<P 2 
0 
If4o<p we put p~=l,p,=O and p2=qo. If qo3p we define p1 by 
Thus, by (3), 
P1bP-1 
Then go can be written in the form 
40= “; 
0 
+q1, 
where q1 <pip. Hence, by (4), 
41 <(P- 1)P. 
If ql<p we put p2=0 and p3=q1. If ql>p we define p2 
P2Pd41<(Pz+ l)P. 
By (5) we have p2<p-2. Finally we put p3=q1-p2p. 
inequality of the lemma follows from (5) and (1). 0 
Lemma 4. If 
(3) 
(4) 
by 
(5) 
(6) 
By (6) p3 dp - 1. The last 
p,qEN, then there exist numbers pi,i=l,2,3 such that l<pI<p, O<p,<p-2, 
Odp3 dp and 
Moreover the above inequalities imply, in particular, that 
The proof is analogous to the proof of Lemma 3. 
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3. Proof of Lemma 2 
By (P2) we have to prove only the second inequality of Lemma 2. 
Part I. First we shall prove that there exist the constants z,p such that 
b(q)<a+B ti (7) 
Case 1. Let, for given q, p be defined as in (1). Suppose moreover that q verifies the 
assumptions of Lemma 3. We put B(X, Y, E) = K,,,, X=(x1,. . . , xpj, Y= { y,, . . . , ya}. 
We shall construct a bipartite graph with exactly q cycles C4 of order less than 
cc+/l Z$ for some z and p independent of q. Our construction will be divided into 
3 steps. 
Step 1. (if p1 > 1, cf. Lemma 3) We add one vertex, x0 say, to the set X and the edges 
xOyl, . . . , xoypl. We obtain a graph B1 with 
cycles Cd. 
Step 2. (if pz >O) By adding pz new vertices zr, . .., zp2 to the set Y in the graph 
Bi and 2~2 edges: ZiXi,ZiXi+ 1, i= 1, . . . . p2, we obtain a graph Bz having pp2 cycles 
C4 more than the graph B,. 
Step 3. (if p3 >O) From the graph B2 we get the graph B3 which has p3 cycles more 
than the graph B2 by construction given in (P4). So, by Lemma 3, we have constructed 
a graph with exactly q cycles Cq. The order of this graph is less than 2p (order of 
K,,,) + 1 (step 1) + p2 (step 2) + 2p, (step 3, cf. (P4)). Hence, making use of Lemma 3, we 
have 
b(q)<2+5(p-1). 
Finally, by (2) we get b(q) < 5 $ G + 2. 
Case 2. We suppose that the assumptions of Lemma 4 are satisfied. We begin 
our construction with the graph B=K,,,+l(lXI=p,I YI=p+ 1) and use the 
decomposition of q given in Lemma 4. Proceeding similarly as in Case 1 we get 
b(q)<@ $&5. 
So, (7) holds in both cases. 
Part II. As in Part I we distinguish the same two cases. 
Case 1. We put 
Thus q=Lj+ql where q1=pp1+p3. By (P3) we have b(q)<b(q)+b(q,)-2. As it is 
seen from Step 1 of Part I, b(G)< 2p + 1. From (7) and Lemma 3 we have 
b(q,)dx+P $&++B + J$ 
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Finally, making use of (2), we obtain 
Case 2. Proceeding similarly and using Lemma 4 we get 
b(q)<2$ ?&/I$ $&x+4. 
Thus the second inequality of Lemma 2 is proved in both cases. 0 
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